The intermediate dynamics of composed one-dimensional maps is used to multiply attractors in phase space and create multiple independent bifurcation diagrams which can split apart. Results are shown for the composition of k−paradigmatic quadratic maps with distinct values of parameters generating k−independent bifurcation diagrams with corresponding k orbital points. For specific conditions, the basic mechanism for creating the shifted diagrams is the prohibition of period doubling bifurcations transformed in saddle-node bifurcations. In generic dynamical systems it is very useful to determine the right parameter combination for which regular or chaotic behavior takes place. It is more interesting to know or control the robustness of the dynamics under certain time parametric changes. With this aim in mind we present in this work a recipe to perform time parametric changes in order to control the intermediate dynamics of composed maps. By using the composition of a family of quadratic maps, it is possible to generate multiple shifted similar independent bifurcation diagrams and by consequence the same number of attractors in phase space. We show that for specific parameter combinations occurs a prohibition of period doubling bifurcations and the appearance of extra-stable motion. As unimodal maps follow universal bifurcation rules we believe that the proposed method is generic and may be extended to ordinary higher-dimensional problems involving nonlinear behaviours.
In generic dynamical systems it is very useful to determine the right parameter combination for which regular or chaotic behavior takes place. It is more interesting to know or control the robustness of the dynamics under certain time parametric changes. With this aim in mind we present in this work a recipe to perform time parametric changes in order to control the intermediate dynamics of composed maps. By using the composition of a family of quadratic maps, it is possible to generate multiple shifted similar independent bifurcation diagrams and by consequence the same number of attractors in phase space. We show that for specific parameter combinations occurs a prohibition of period doubling bifurcations and the appearance of extra-stable motion. As unimodal maps follow universal bifurcation rules we believe that the proposed method is generic and may be extended to ordinary higher-dimensional problems involving nonlinear behaviours.
I. INTRODUCTION
Nonlinear dynamical systems are one of the most important tools to model a large number of physical systems in nature, ranging from biological populations, coupled networks, market crisis, brain dynamics, chemical systems, laser physics, granular dynamics, normal and anomalous transport, extreme events, weather forecast, among many others. The parameter values in such physical systems deliberate the underlying complex dynamics. One of the greatest challenge in nonlinear models is to identify what are the correct parameter values which leaves to the desired dynamics (or avoid it) and if these values follow some kind of universal rule.
Once the above mentioned desired parameter combination is found, we ask what is the robustness of the dynamics under time parametric changes. This is of relevance for practical purposes where nonlinear models describe realistic problems. In this context, weak parametric perturbations were used to control the chaotic motion [1] [2] [3] , to mention a few. In the present work we use the concept of parametric changes to control the intermediate dynamics (defined in Sec. II) of composed maps. Our goal is to analyse the whole change in the dynamics, including regular and chaotic motions. We show that using the composition of a family of quadratic maps [4] , it is possible to generate multiple shifted independent bifurcation diagrams and the same number of attractors in phase space. For specific cases discussed later, we show that the mechanism of shifted bifurcation diagrams and prohibition of period doubling bifurcations are responsible for the appearance of extra-stable motion. An analogous mechanism for just two shifted bifurcation diagrams was revealed many years ago [3] in the context of taming chaos in continuous-time systems under weak harmonic perturbation (see also Ref. [5] ). In the context of chaos suppression, a similar method was used in the particular case of duplication in the factorization of two quadratic coupled maps [6] and one-dimensional maps were also used for applications of feedback and non-feedback control techniques [7] [8] [9] . Periodic perturbations can also be applied to determine the role of extreme orbits in the organization of periodic regions in the parameter space of one dimensional maps [10] .
Our results are not restricted to weak parametric perturbations and we show cases of duplication, triplication, quadruplication and quintuplication of bifurcation diagrams and corresponding attractors. In addition, since we use the composition of unimodal maps, which have only one critical point and display very similar dynamical behaviour, the proposed method is generic and can be applied to ordinary higher-dimensional problems involving nonlinear behaviours.
The remainder of this paper is organized as follows. In Sec. II the general concept of intermediate dynamics is given in terms of the composition of maps. Section III is devoted to discuss the main mechanism which induces the shift of bifurcations diagrams in the quadratic map, and consequently the proliferation of periodic attractors in its phase space. In addition, the application to du, tri, quadru and quintuplicate periodic attractors is discussed in the same section. Finally, in Sec. IV we summarize our results indicating some of their possible implications.
II. INTERMEDIATE DYNAMICS
The key idea to generate multiple attractors is to control the dynamics of intermediate variables of composed maps. To explain this in details consider a onedimensional discrete map given by
with n = 0, 1, 2, . . . being the discrete times, x n the state of the system at time n whose time evolution is described by the function f (usually nonlinear) and α representing all involved parameter. Now, we construct a composed map obtained by applying the map (1) k-times using distinct parameters at each iteration, namely
where parameters α 1 , α 2 , . . . α k follow a specific protocol defined later. In this work the superscript (c) indicates quantities related to the composed map. All
states from x n+1 to x n+k−1 are called intermediate states. in open chaotic flows to describe the particle's position after a half period [11] and in chemical oscillations where the concentrations of intermediates reactants were allowed to vary [12] . Not unintentional, the composition used in this work is analogous to external controlling forces and can promptly be implemented in experiments. Some of the related references are given in Sec. I.
III. COMPOSED QUADRATIC MAPS
A. Duplication (k = 2)
We start with the most simple case of duplication, where the time parameter variation has a period k = 2. In such case the modified quadratic map (MQM) is defined as
with F being the intensity which changes the dynamics for each iteration and the signal (+) is used for n even and (−) for n odd. The composed map
is a composition of two MQMs with alternating values of F , namely +F, −F, +F, −F, . . .. In fact, in this case the intermediate dynamics corresponds to a quadratic map
2 is the fixed point from the composed map. The intermediate point x 1 is not a fixed point from the composed map but it is necessary to realize the connection x
It is interesting to observe the bifurcation diagram for the composed map (4) with F = 0, plotted in Figs. 1(a) -(c) (black and green curves). The shape of this bifurcation diagram is identical to the bifurcation diagram for the usual QM, Eq. (3) with F = 0, with one essential difference explained next. It is known that for the usual QM a period-1 (shortly written as per-1) is born at a 1 = −0.25, and period doubling bifurcations (PDBs) 1 → 2 and 2 → 4 occur respectively at a 12 = 0.75 and a 24 = 1.25. For the composed map, inside the interval [a 12 , a 24 ], instead a per-2 orbit, we have two per-1 c orbits, one drawn in black and the other one in green. Thus, to obtain the bifurcation diagram for the composed map it is necessary to use more ICs. Now we use F = 7 × 10 −3 to analyze the bifurcation diagram for the composed map in comparison with the QM. This is shown in Fig. 1(a) , blue curve for the IC used to obtain the black curve from the F = 0 case, and red curve for the IC related to the green curve from the F = 0 case. Thus the per-1 from the QM is transformed in a per-1 agram and it is essentially related to the prohibition of a PDB at a 12 due to F = 0. Figure 1(b) shows the bifurcation diagram for the intermediate dynamics x n . Essentially it has a similar (mirror symmetric) behavior than those shown in Fig. 1(a) . Thus we have generated, including the intermediate points, two independent and shifted bifurcation diagrams as shown in Fig. 1(c) and magnified in Fig. 1(e) . The Lyapunov exponent from all orbital points for the composed map is shown in Fig. 1(d) . It is worth to mention that if we use the sequence −F, +F, −F, +F, . . . instead +F, −F, +F, −F . . ., intermediate and orbital points are switched, keeping exactly the same properties discussed above.
At this stage, a natural question that arises is related to how the composition of one-dimensional maps perturbs the position of fixed points in phase and parameter spaces. In order to clarify this issue, we derive analytical expressions for the orbits of the composed map for the shifted bifurcation parameter. For the born of per-1 
while for the PDB 1 c → 2 c it is given by
Equations (5) and (6) are written as functions of the boundary conditions in parameter space from the usual QM, namely W 1 (a) = (4a + 1) = 0 → (a = −1/4) which gives the saddle-node bifurcation, W 1→2 (a) = (4a−3) 3 = 0 → (a = 3/4) the PDB 1 → 2 and W 2→4 (a) = (16a 2 + 8a + 5)(4a − 5) 2 = 0 → (a = 5/4, −1/4 ± i/2) the PDB 2 → 4 (see [13] for details how to obtain such boundary conditions in parameter space). Note that the composed map couples W 1 (a) and W 1→2 (a) and the PDB 1 → 2 is now inserted into the expression (5) which is for the saddle-node bifurcation of per-1 c 1 and per-1 c 2 orbits. Thus, the PDB from the QM is transformed into a saddlenode bifurcation for the composed map, which demonstrates analytically the prohibition of the PDB 1 → 2. For the case discussed above, with F = 7×10 −3 , the solutions of W is transformed into a real solution leading to two PDBs 1 c → 2 c . This proves analytically the origin of shifted bifurcation diagrams at distinct values of a 12 . Now we present details for the case k = 2 applied to a per-3 window of the QM in Fig. 2. Figs. 2(b), (d) and (f) show the bifurcation diagram for increasing values of F and Figs. 2(c) ,(e) and (g) display corresponding magnifications. As expected, the per-3 orbit is transformed in a per-6 one, i.e., a per-3 c orbit of the composed map, and the usual PDB 3 → 6 of the QM becomes prohibited (see Fig. 2(c) ), as in the per-1 case discussed above. In this case, the duplication process is only allowed in the region of per-6 orbit of the QM, after the PDBs indicated by the horizontal lines in Figs. 2(c) , (e) and (g). Therefore, we have three additional shifted and partially superposed bifurcation diagrams which for the largest values of F in Fig. 2(f) , are embedded in the chaotic zone. This is the reason of stabilization and suppression of the chaotic motion, i.e., periodic and chaotic attractor are coexisting in the same set of parameter a. With these results we conclude that the shift in the bifurcation diagram and the duplication of stable regions is only allowed for even periods when k = 2, while odd periods p becomes p ′ = 2p (per-1 becomes per-2 in Fig. 1 and per-3 becomes per-6 in Fig. 2 ), but are not shifted. To understand more complex behaviours, it is necessary to discuss in details the case of triplication. With this purpose in mind we perturb the dynamics of the QM by using the k = 3 sequence −F, 0, +F, −F, 0, +F . . .. Figs. 3(a)-(b) while the composed map is plotted in Fig  3(c) and the total dynamics is displayed in Fig. 3(d) . In  Figs (a)-(c) only the iterations n = 1, 4, 7, . . . (for +F ), However, shifted bifurcations may occur for other periodic orbits, namely, periods multiple of 3. To clarify this process a larger portion of the bifurcation diagram is magnified in Fig. 4(a) , which includes a per-3 window from the QM in black and the composed map in blue dots. For smaller values of a there are no shifted bifurcation diagrams, as previously shown in Fig. 3(d) . On the other hand, as a increases, some regular windows are already shifted when compared to the F = 0 case. The reason for these shifts are explained using the larger per-3 window, which are magnified in Figs. 4(b) and nicely visualized in (c). As observed for the duplication of per-2 attractors, in the triplication of per-3 orbital points, three shifted saddle-node bifurcations occur, while for the QM only one saddle-node bifurcation gives rise to the per-3 window for a = 7/4. It is important to note that the per-3 window is enlarge and the period remains the same, while for other periods p, that are not multiple of k = 3, become p ′ = 3p when F = 0.
C. Quadruplication and quintuplication
In the present Section the recipe discussed above is extended to quadruplicate and quintuplicate attractors in phase space to obtain similar shifted bifurcation diagrams. 
IV. CONCLUSIONS
In this work we show that the control of intermediate dynamics can be used to enlarge stable domains in phase and parameter spaces of nonlinear dynamical systems. We present analytical and numerical results for the specific case of the composition of quadratic maps with distinct parameters. In general, performing many simulations we observed that the sign of the perturbation must change for each composition of the map. In addition, the k-compositions generate k attractors and k-shifted independent bifurcations diagrams when ω ∈ Z, where ω = p/k and p being the period of the orbits from the QM. For F = 0 the original period of the orbit remains equal. When ω / ∈ Z we still generate k-attractors, but the bifurcation diagrams are not shifted anymore. In this case the period of the orbits obeys p ′ = pk since it counts also the intermediate orbits.
The ability to control the intermediate dynamics in realistic situations has relevant implications: (i) multiple composition of maps lead to the appearance of multiple shifted bifurcation diagrams. Consequently occurs a considerable enlargement of the stable domains in phase and parameter spaces. This is crucial for the survival of the desired dynamics under noise and temperature effects, which usually destroy periodic motion [14, 15] ; (ii) the number k of modified maps used in the composition determinates the period-p of multiplied bifurcation diagrams since the necessary condition is that ω ∈ Z, with ω = p/k.
The easy way of generating and moving shifted bifurcation diagrams by controlling the intermediate dynamics of composed maps is definitely the remarkable contribution of the present work. Consequences of shifted bifurcations in two dimensional systems were analyzed recently by multiplying isoperiodic stable structures in the parameter space of the Hénon map [16] . Future contributions intend to verify to which extend such multiplication of stable motion can be realized in the parameter space of classical [17, 18] and quantum ratchets [19] .
